Introduction and motivation
Much recent research has focused attention on the behavior of matter near zero temperature 'quantum' phase transitions that are seen in several strongly correlated many particle systems (1) . Indeed, a currently popular view ascribes many properties of interesting correlated materials to the competition between qualitatively distinct ground states and the associated phase transitions. Examples of such materials include the cuprate high-T c superconductors, and the rare-earth intermetallic compounds (known as the heavy fermion materials).
The traditional guiding principle behind the modern theory of critical phenomena is the association of the critical singularities with fluctuations of an 'order parameter' which encapsulates the difference between the two phases on either side of the critical point (a simple example is the average magnetic moment which distinguishes ferromagnetic iron at room temperature, from its high temperature paramagnetic state). This idea, developed by Ginzburg and Landau (2) , has been eminently successful in describing a wide variety of phase transition phenomena. It culminated in the sophisticated renormalization group theory of Wilson (3) , which gave a general prescription for understanding the critical singularities. Such an approach has been adapted to examine quantum critical phenomena as well, and provides the generally accepted framework for theoretical descriptions of quantum transitions.
The purpose of this paper is to demonstrate and study specific examples of quantum phase transitions which do not fit into this Ginzburg-Landau-Wilson (GLW) paradigm (4) . We will show that in a number of different quantum transitions, the natural field theoretic description 2 of the critical singularities is not in terms of the order parameter field(s) that describe the bulk phases, but in terms of new degrees of freedom specific to the critical point. In the examples studied in this paper, there is an emergent gauge field which mediates interactions between emergent particles that carry fractions of the quantum numbers of the underlying degrees of freedom. These 'fractional' particles are not present (i.e. are confined) at low energies on either side of the transition, but appear naturally at the transition point. Laughlin has previously argued for fractionalization at quantum critical points on phenomenological grounds (5) .
The specific situations studied in this paper are most conveniently viewed as describing phase transitions in two dimensional quantum magnetism, although other applications are also possible (6) . Consider a system of spin S = 1/2 moments S r on the sites, r, of a two dimensional square lattice with the Hamiltonian
The ellipses represent other short ranged interactions that may be tuned to drive various zero temperature phase transitions. We assume J > 0, i.e predominantly antiferromagnetic interactions.
Considerable progress has been made over the last fifteen years in elucidating the nature of the various possible ground states of such a Hamiltonian. The Néel state has long range magnetic order (see Fig. 1 ) and has been observed in a variety of insulators including the prominent parent compound of the cuprates: La 2 CuO 4 . Apart from such magnetic states, it is now recognized that models in the class of H can exhibit a variety of quantum paramagnetic ground
states. In such states, quantum fluctuations prevent the spins from developing magnetic long range order. Such paramagnetic states can be broadly subdivided into two groups. First, there are states that can be described as 'valence bond solids' (VBS) -a simple example is shown in Fig 2. In such states pairs of nearby spins form a singlet, resulting in an ordered pattern of Figure 1 : The magnetic Néel ground state of the Hamiltonian (1) on the square lattice. The spins, S r , fluctuate quantum mechanically in the ground state, but they have a non-zero average magnetic moment which is oriented along the directions shown.
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Figure 2: A valence bond solid (VBS) quantum paramagnet. The spins are paired in singlet valence bonds, which resonate among the many different ways the spins can be paired up. The valence bonds 'crystallize', so that the pattern of bonds shown has a larger weight in the ground state wavefunction than its symmetry-related partners (obtained by 90
• rotations of the above states about a site). This ground state is therefore four-fold degenerate.
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'valence bonds'. Typically, such VBS states have an energy gap to spin-carrying excitations.
Furthermore, for spin-1/2 systems on a square lattice, such states also necessarily break lattice translational symmetry. A second class of more exotic paramagnetic states are also possible (7) in principle: in these states, the quantum-mechanical resonance between different valence bond configurations is strong enough to disrupt the VBS, and we obtain a resonating-valence-bond 'liquid'. The resulting state has been argued to possess excitations with fractional spin and interesting topological structure (8, 9, 10, 11) . In this paper we will not consider such exotic paramagnetic states. Rather, our focus will be on the nature of the phase transition between the ordered magnet and a VBS. We will also restrict our discussion to the simplest kinds of ordered antiferromagnets -those with collinear order where the order parameter is a single vector (the
Néel vector).
Both the magnetic Néel state, and the VBS are states of broken symmetry. The former breaks spin rotation symmetry, and the latter that of lattice translations. The order parameters associated with these two different broken symmetries are very different. A simple Landau-like description of the competition between these two kinds of orders generically predicts either a first-order transition, or an intermediate region of coexistence where both orders are simultaneously present. A direct second order transition between these two broken symmetry phases requires fine-tuning to a 'multicritical' point. Our central thesis is that for a variety of physically relevant quantum systems, such canonical predictions of Landau's theory are incorrect.
For H, we will show that a generic second order transition is possible between the very different kinds of broken symmetry in the Néel and VBS phases. Our critical theory for this transition is, however, unusual, and is not naturally described in terms of the order parameter fields of either phase. Although we will not explore this case further here, a picture related to the one developed here applies also to transitions between fractionalized spin liquid and VBS states (12) , and to transitions between different VBS states (13) in the quantum dimer model (14, 15) .
Field theory and topology of quantum antiferromagnets
In the Néel phase or close to it, the fluctuations of the Néel order parameter are captured correctly by the well-known O(3) nonlinear sigma model field theory (16, 17) with the following action in spacetime (we have promoted the lattice co-ordinate r = (x, y) to a continuum spatial co-ordinate, and τ is imaginary time):
Heren ∝ (−1) r S r is a unit three component vector that represents the Néel order parameter (the factor (−1) r is +1 on one checkerboard sublattice, and −1 on the other). The second term is the quantum mechanical Berry phase of all the S = 1/2 spins: A r is the area enclosed by the path mapped by the time evolution ofn r on a unit sphere in spin space. These Berry phases play an unimportant role in the low energy properties of the Néel phase (17) , but are crucial in correctly describing the quantum paramagnetic phase (18) . We will show here that they also modify the quantum critical point between these phases, so that the exponents are distinct from those of the GLW theory without Berry phases studied earlier (17, 19) .
To describe the Berry phases, first note that in two spatial dimensions, smooth configurations of the Néel vector admit topological textures known as skyrmions (see Fig 3) . The total skyrmion number associated with a configuration defines an integer topological quantum number Q:
The sum over r in (2) vanishes (16, 1) for all spin time histories with smooth equal-time configurations, even if they contain skyrmions. For such smooth configurations, the total skyrmion number Q is independent of time. However, the original microscopic model is defined on a lattice, and processes where Q changes by some integer amount are allowed. Specifically, such a Q
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(a) (b) Figure 3 : A skyrmion configuration of the fieldn(r). In (a) we show the vector (n x , n y ) at different points in the xy plane; note thatn = (−1) r S r , and so the underlying spins have a rapid sublattice oscillation which is not shown. In (b) we show the vector (n x , n z ) along a section of (a) on the x axis. Along any other section of (a), a picture similar to (b) pertains, as the former is invariant under rotations about the z axis. The skyrmion above hasn(r = 0) = (0, 0, 1) and n(|r| → ∞) = (0, 0, −1).
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changing event corresponds to a monopole (or 'hedgehog') singularity of the Néel fieldn(r, τ ) in space-time (see Fig 4) . Haldane (16) showed that the sum over r in (2) is non-vanishing in the presence of such monopole events. Precise calculation (16) gives a total Berry phase associated with each such Q changing process which oscillates rapidly on four sublattices of the dual lattice. This leads to destructive interference which effectively suppresses all monopole events unless they are quadrupled (16, 18) (i.e they change Q by four).
The sigma model field theory augmented by these Berry phase terms is, in principle, powerful enough to correctly describe the quantum paramagnet. Summing over the various monopole tunnelling events shows that in the paramagnetic phase the presence of the Berry phases leads to VBS order (18) . Thus S n contains within it the ingredients describing both the ordered phases of H. However a description of the transition between these phases has so far proved elusive, and will be provided here.
Our analysis of this critical point is aided by writing the Néel fieldn in the so-called CP
with σ a vector of Pauli matrices. Here z = z(r, τ ) = (z 1 , z 2 ) is a two-component complex spinor of unit magnitude which transforms under the spin-1/2 representation of the SU(2) group of spin rotations. The z 1,2 are the fractionalized "spinon" fields. To understand the monopoles in this representation, let us recall that the CP 1 representation has a U(1) gauge redundancy.
Specifically the local phase rotation
leavesn invariant, and hence is a gauge degree of freedom. Thus the spinon fields are coupled to a U(1) gauge field, a µ (the spacetime index µ = (r, τ )). As is well-known, the magnetic flux of a µ is the topological charge density ofn appearing in the integrand of (3). Specifically, contains the vector (n x , n y ); the spin configuration is radially symmetric, and consequently a similar picture is obtained along any other plane passing through the origin. Similarly, (b) is the representation of (n x , n z ) along the x axis, and a similar picture is obtained along any line in spacetime passing through the origin. The monopole above hasn(r) = r/|r|. configurations where the a µ flux is 2π correspond to a full skyrmion (in the ordered Néel phase). Thus the monopole events described above are space-time 'magnetic' monopoles (instantons) of a µ at which 2π gauge flux can either disappear or be created. That such instanton events are allowed, means that the a µ gauge field is to be regarded as 'compact'.
We now state our key result for the critical theory between the Néel and VBS phases. As we will demonstrate below, the Berry phase-induced quadrupling of monopole events renders monopoles irrelevant at the quantum critical point. So in the critical regime (but not away from it in the paramagnetic phase), we may neglect the compactness of a µ , and write down the simplest continuum theory of spinons interacting with a non-compact U(1) gauge field with
where N = 2 is the number of z components (later we will consider the case of general N), we have softened the length constraint on the spinons with |z| 2 ≡ N a=1 |z a | 2 allowed to fluctuate, and the value of s is to be tuned so that L z is at its scale-invariant critical point. Note that the irrelevance of monopole tunneling events at the critical fixed point implies that the total gauge flux d 2 r(∂ x a y − ∂ y a x ), or equivalently the skyrmion number Q, is asymptotically conserved.
This emergent global topological conservation law provides precise meaning to the notion of deconfinement. It is important to note that the critical theory described by L z (21) is distinct from the GLW critical theory of the O(3) non-linear sigma model obtained from (2) by dropping the Berry phases and tuning g to a critical value (22) . In particular, the latter model has a nonzero rate of monopole tunneling events at the transition, so that the global skyrmion number Q is not conserved.
A justification for the origin of L z is provided in the remainder of this paper. We will begin in the following section by considering antiferromagnets with an 'easy plane' anisotropy, so that the spins prefer to lie in the xy plane. Subsequent sections generalize the arguments to fully isotropic antiferromagnets.
Duality transformations with easy plane anisotropy
For the easy-plane case, duality maps and an explicit derivation of a dual form of L z are already available in the literature (6, 24) . Moreover, an easy plane S = 1/2 model with two-and four-particle ring exchanges has recently been studied numerically (25) , and a direct transition between Néel and VBS phases was found. Here we will obtain the theory for this transition (6, 24) using simple physical arguments which enable generalization to the isotropic case.
The easy plane anisotropy reduces the continuous SU(2) spin rotational invariance to the U(1) subgroup of rotations about the z-axis of spin. An additional important discrete symmetry is time reversal, under which
This may be combined with a rotation in the xy plane which restores the sign of S x,y to simply change the sign of S z alone, comprising a Z 2 symmetry. With these symmetries, (2) allows an
Let us first think classically about this easy plane model. The classical (Néel) ground state simply consists of lettingn be independent of position, and lying entirely in the spin xy plane. Topological defects in this ground state will play an important role. With the easy plane anisotropy, these are vortices in the complex field n + = n x + in y . More precisely, on going around a large loop containing a vortex the phase of n + winds around by 2πm with m an integer.
What is the nature of the core of these vortices? In the core, the XY order will be suppressed and then vector will point along the ±ẑ direction. Physically, this corresponds to a non-zero staggered magnetization of the z-component of the spin in the core region. Thus, at the classical level there are two kinds of vortices -often called 'merons' in this context -depending on the direction of then vector at the core (see Fig 5) . Either kind of vortex breaks the Ising-like n z → −n z symmetry at the core. For future convenience, let us denote by ψ 1 (ψ 2 ) the quantum field that destroys a vortex whose core points in the up (down) direction.
Clearly, this breaking of the Ising symmetry is an artifact of the classical limit -once quantum effects are included, the two broken symmetry cores will be able to tunnel into each other and there will be no true broken Ising symmetry in the core. This tunnelling is often called an 'instanton' process that connects two classically degenerate states.
Surprisingly, such an instanton event is physically the easy plane avatar of the space-time shown is easily seen to be similar to Fig 4a) . Thus, the tunnelling process between the two merons is equivalent to creating a full skyrmion. This is precisely the monopole event of Ordering in the xy plane of spin-space requires condensing the spinons,
so that n + = z * 1 z 2 is ordered and there is no average value of n z = |z 1 | 2 − |z 2 | 2 . Now, clearly, a full 2π vortex in n + can be achieved by either having a 2π vortex in z 1 and not in z 2 , or a 2π antivortex in z 2 and no vorticity in z 1 . In the first choice, the amplitude of the z 1 condensate will be suppressed at the core, but z 2 will be unaffected. Consequently
be non-zero and negative in the core, as in the ψ 2 meron. The other choice also leads to nonzero n z which will now be positive, as in the ψ 1 meron. Clearly, we may identify the ψ 2 (ψ 1 ) meron vortices with 2π vortices (anti-vortices) in the spinon fields z 1 (z 2 ). Note that in terms of the spinons, paramagnetic phases correspond to situations in which neither spinon field is condensed.
The above considerations, and the general principles of boson duality in three spacetime dimensions (23) determine the form of the dual action,
where
The correctness of this form may be argued as follows: First, from the usual boson-vortex duality transformation (23), the dual ψ 1,2 vortex fields must be minimally coupled to a dual noncompact U(1) gauge field A µ . Note that this dual gauge invariance is not related to (5), but is a consequence of the conservation of the total S z : the 'magnetic' flux ǫ µνκ ∂ ν A κ is the conserved S z current (23) . Second, under the Z 2 T -reversal symmetry the two vortices get interchanged,
i.e ψ 1 ↔ ψ 2 . The dual action must therefore be invariant under interchange of the 1 and 2 labels. Finally, if monopole events were to be disallowed by hand, the total skyrmion numberi.e. the difference in number of up and down meron vortices -would be conserved. This would imply a global U(1) symmetry (not to be confused with the U(1) spin symmetry about the z axis) under which
where α is a constant. However, monopole events destroy the conservation of skyrmion number, and hence this dual global U(1) symmetry. But, as the monopoles are effectively quadrupled by cancellations from Berry phases, skyrmion number is still conserved modulo 4. Thus the symmetry (10) must be broken down to the discrete cyclic group of four elements, Z 4 .
The dual Lagrangian in (9) is the simplest one that is consistent with all these requirements.
In particular, we note that in the absence of the λ term the dual global U (1) lation symmetry broken VBS ground state. This may be seen from the analysis of Refs. (6, 24) .
Alternatively, we may use the identification, due to Read and Sachdev (18), of the skyrmion creation operator with the order parameter for translation symmetry breaking. Such a condensate of ψ 1,2 breaks the global Z 4 symmetry of the action in Eqn. 9. The preferred direction of the angle θ 1 − θ 2 depends on the sign of λ. The two sets of preferred directions correspond to columnar and plaquette patterns of translational symmetry breaking (see Fig 6) .
Let us now consider the transition between the XY ordered and VBS phases described by L dual at λ = 0, i.e in the absence of instanton events. This model has been studied (21, 22) , and has a remarkable self-dual (22) critical point. Here, our arguments demonstrate the self duality quite simply: recall that we had argued earlier that in the absence of instantons, the continuum limit of the direct SU(2)-invariant theory led to L z in (6) . The easy plane anisotropy will allow Although the λ term is irrelevant at the critical fixed point, it is clearly very important in deciding the fate of either phase. In particular, in the paramagnetic phase it picks out the particular pattern of translation symmetry breaking (columnar versus plaquette) and forces linear confinement of spinons. In critical phenomena parlance, it may be described as a dangerously irrelevant perturbation (19) .
Thus, in the easy plane case there is the possibility of a direct second order transition between the Néel and VBS phases. Remarkably the critical theory is 'deconfined' in the sense that the spinons emerge as natural degrees of freedom right at the critical point. We note that the spinons are confined in both phases and do not appear in the excitation spectrum. The length scale at which this confinement occurs however diverges on approaching the critical point.
At a more sophisticated level, the critical fixed point is characterized by the emergence of an extra global U(1) symmetry (10) that is not present in the microscopic Hamiltonian. This is associated with conservation of skyrmion number and follows from the irrelevance of monopole tunnelling events only at the critical point.
Isotropic magnets
We now provide evidence supporting the possibility that a direct second transition separates
Néel and VBS states of isotropic (i.e. SU (2) 
Physical properties near the 'deconfined' critical point
We now briefly mention the consequences of our theory for the physical properties near the quantum phase transition between the Néel and VBS phases. The presence of a dangerously irrelevant coupling implies that there are two distinct length scales which diverge as we approach the critical point from the VBS side: the spin correlation length ξ, and a longer length scale (ii) the self-duality of the critical point for the easy plane case implies the remarkable result that the columnar dimer, plaquette, and staggered XY magnetization all decay with the same power law at the critical point, and the β exponents for the VBS and XY orders are the same.
One intriguing aspect of our theory is the physics of the vortices of the XY ordered phase (in the easy plane case) close to the transition. As discussed extensively above, there are two kinds of classical meron vortices which tunnel into each other in the quantum theory. However, the irrelevance of these instanton events near the transition implies that the tunnelling rate of the Ising order in the core of merons will diverge on approaching the transition. This Ising order may be detectable in numerical studies (25) been studied (32) , and many of them exhibit VBS phases. It would be interesting to explore the characteristics of the quantum critical points adjacent to these phases, and test our prediction of gapless, liquid, resonating-valence-bond-like behavior.
Our results also caricature interesting phenomena (33, 34) found in the vicinity of the onset of magnetism in the heavy fermion metals. Remarkably the Kondo coherence that characterizes the non-magnetic heavy Fermi liquid seems to disappear at the same point that magnetic long range order sets in. Furthermore strong deviations from Fermi liquid theory are seen in the vicinity of the quantum critical point. All of this is in contrast to naive expectations based on the Landau paradigm for critical phenomena. However this kind of exotic quantum criticality 21 between two conventional phases is precisely the physics discussed in the present paper.
